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Effect of Pressure Gradient on the Stability of Compressible
Boundary Layers

Y. H. Zurigat,* A. H. Nayfeh,t and J. A. MasadJ
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

An investigation into the influence of pressure gradient (wall shaping) on the stability of compressible
boundary layers is presented. The steady, compressible, nonsimilar boundary-layer equations are solved with a
potential flow velocity distribution corresponding to a power law edge Mach number distribution. The stability
of the mean flow is investigated using the small-disturbance compressible linear stability theory. The results
indicate that two-dimensional second-mode (Mack) waves can be stabilized with pressure gradient. However, the
effectiveness of the pressure gradient on the natural laminar flow control of two-dimensional second-mode
waves decreases at hypersonic speeds. The maximum growth rate varies almost linearly with the pressure
gradient level. The effect of pressure gradients on stabilizing three-dimensional first-mode waves is much larger
than their effect on stabilizing two-dimensional first-mode waves.

I. Introduction

T HE process of transition from laminar to turbulent flow
still lacks detailed understanding. However, it is believed

that the origin of many turbulent flows is in the laminar flow
instability to various external and internal disturbances.
Therefore, small-disturbance stability theory has been exten-
sively used to evaluate the effectiveness of proposed natural
laminar flow (NLF) as well as laminar flow control (LFC)
concepts. The factors that influence the stability of incom-
pressible and compressible boundary-layer flows include pres-
sure gradients, wall roughness, heating or cooling, freestream
turbulence, suction or blowing, Coriolis forces and stream wise
curvature, and radiated acoustic noise.

The effect of pressure gradients (wall shaping) on laminar
flow instability is of particular interest because it is a passive
device for controlling the boundary layer. Previous investiga-
tions,1'2 have shown that a favorable pressure gradient stabi-
lizes incompressible boundary layers while adverse pressure
gradients produce an opposite effect. The basis for this behav-
ior was established through inviscid analyses that resulted in
the well-known Rayleigh criterion regarding the presence of
inflection points: profiles with inflection points are unstable.
Flows with adverse pressure gradients are known to have
inflection points. Reported3 flight-test data indicate an in-
crease in the transition Reynolds number with an increasingly
favorable pressure gradient.

The stability of compressible boundary layers is more com-
plicated than the stability of incompressible boundary layers
because of the existence of multiple modes of instability in the
former case as opposed to a single instability mode in the latter
case. Consequently, factors that have a stabilizing effect on
incompressible boundary layers may have a destabilizing ef-
fect on compressible boundary layers. Continuous cooling,
for instance, was found4"7 to stabilize first-mode waves and
destabilize second-mode (Mack) waves (the latter are domi-
nant at high Mach numbers), whereas continuous heating was
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found to stabilize second-mode waves. However, very fre-
quently material limits make wall heating impractical for lam-
inar flow control. Moreover, the effect of continuous heat
transfer on the first and second modes of instability of
boundary layers was found to diminish at high Mach num-
bers.8 Wall suction, on the other hand, stabilizes both first-
and second-mode waves. However, it was shown9'10 that the
effectiveness of suction diminishes greatly for high Mach
numbers. For more details the reader is referred to the re-
views11'12 on compressible boundary-layer stability.

The effect of pressure gradients on the stability of com-
pressible boundary layers requires further study. Few studies
have appeared in the literature. Shapiro13 indicated that the
effect of pressure gradients on the value of the critical Rey-
nolds number decreases with increasing Mach number. The
same study also concluded that the stabilizing effect of pres-
sure gradients decreases with increasing Mach number for an
insulated wall. Weil14 showed that the effect of favorable
pressure gradients on the stability is not large for a Mach
number of 4 but extremely pronounced at the lower supersonic
Mach number of 1.5. Malik7 concluded that favorable pres-
sure gradients stabilize second-mode waves by reducing the
peak amplification rate. He also found that favorable pressure
gradients shift the peak amplification to a higher frequency
and decrease the band of frequencies receiving amplification.

Malik7 used a viscous stability analysis similar to the one
used in this paper. However, Malik7 used a self-similar solu-
tion to calculate the mean flow. As pointed out by Malik,7 this
is questionable, since self-similar solutions do not exist for the
investigated conditions. Moreover, each of the three cases
investigated in his study was restricted to a single Mach num-
ber, a single Reynolds number, and favorable pressure gradi-
ents only. The purpose of this paper is to document a detailed
study of the influence of wall shaping on the stability of
compressible boundary layers based on mean flows calculated
by using nonsimilar boundary layers.

II. Mean Flow
The mean flow investigated in this study is governed by the

two-dimensional compressible
Using the Levy-Lees variables

boundary-layer equations.!

= uedx

pdy

(1)

(2)
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one can write the nonsimilar boundary-layer equations of
mass, momentum, and energy. These equations are presented
here for completeness and later reference:

dF dV
2£ — + —d£ dr?

dF dF d

(3)

(4)

d£
! _ _ L ± f / 2 G

Pr dri\ <

,^Y=o
where

• = — - , / = p^Fr = —,

K =

The boundary conditions for an adiabatic wall are

F = 0 and ^ = 0 at 77 = 0

at

In the freestream, the boundary conditions are

F-*l and Q-+1 as 17^00

(5)

(6a)

(6b)

(6c)

(7a)

(7b)

(7c)

In Eqs. (1-7), p, ju, u, v, and T are the nondimensional
density, dynamic viscosity, stream wise normal velocity com-
ponent, and temperature, respectively; M^ is the freestream
Mach number; and

Re = u*L*p*
and

p*.r£p*
Lx v

(8)

where the asterisk denotes a dimensional quantity, and C$ and
CJ are, respectively, the gas specific heat coefficients at con-
stant pressure and constant volume. Here, lengths are normal-
ized with respect to a reference length L*; the temperature,
viscosity, density, and velocity are normalized with respect to
their freesteam values T£, /*<£, p<£, and u£, respectively. The
subscript e refers to conditions at the edge of the boundary
layer.

Among the pressure gradients encountered are Howarth's
linearly retarded and accelerated, Goland's accelerated, and
constant pressure gradient (Falkner-Skan type) flows. The
outer velocity distributions for these flows are given, respec-
tively, by

(9)

ue = u*/u* =

ax

-x2)

ue = = x
2-1

(10)

(U)

One may also employ a certain boundary-layer edge Mach
number distribution of the form

where c is a constant. In this study we focus on pressure
gradients with potential flow distributions corresponding to
Eq. (12) only.

Equations (3-5), along with the boundary conditions (7),
are solved using a finite difference method with a Newton-
Raphson linearization. The formulation follows that de-
scribed by Blottner.16 A nonuniform grid spacing in the
streamwise and normal directions is incorporated into the
present formulation. The grid spacing is chosen so that the
resulting solution is grid independent. The special case of
self-similar boundary layers is obtained by dropping the lead-
ing terms in Eqs. (3-5). This self- similar solution is then used
to start its nonsimilar counterpart.

It should be noted that the self-similar solution is for the
zero pressure gradient case. Self- similar solutions for nonzero
pressure gradients are rare in compressible boundary layers. It
was shown17'18 that similarity is secured only under restricted
conditions; the most realistic condition demands that the
Prandtl number be equal to unity. Equations (3-5) do not
reduce to a self -similar form for a nonzero value of j80 by
merely neglecting the leading terms. For the power law edge
Mach number distribution investigated in this study, the non-
similar equations (3-5) have been solved with the edge velocity
distribution ue derived from Eq. (12).

The momentum and energy equations are coupled. Also,
the variation of / across the boundary layer can be quite large,
ranging over an order of magnitude, especially at hypersonic
speeds. Therefore, these equations are solved iteratively while
updating /, F, F, and Q until the accumulated change, over all
points, in either the temperature or the velocity is within a
preset tolerance. The adiabatic wall temperature Qw is calcu-
lated from the adiabatic wall condition dQ/drj 1^0 = 0, which
is expressed in a three-point one-sided finite difference analog.
The wall temperature calculated in this manner is then up-
dated by iteratively solving the energy equation until a vanish-
ingly small change in Qw is achieved. To speed up the con-
vergence, we have calculated the initial guess from the rela-
tionship

(13)

The edge temperature is computed using the isentropic flow
relation

- u2
e] (14)

The density and viscosity at the edge of the boundary layer are
calculated by using the equation of state and the Sutherland's
formula, respectively, as

f>*=~^ =
p£

,e=z*-=T™( 1 +
110.4 110.4

r*

(15)

(16)

Me = cxn (12)

The pressure gradient parameter /30 is calculated by using Eq.
(6c) with ue computed from Eq. (12) as

(17)

where Md is the desired edge Mach number at x = 1.0 where
the stability calculations are performed. In these calculations
an initial zero pressure gradient region of length XQ = 0.2 is
used. Then the flow is assumed to undergo either an isentropic
compression or an isentropic expansion to the desired value
Md of Me at x = 1.0. Moreover, we keep the freestream tem-
perature Tthe same so that the viscosity coefficient will be the
same, as shown in Eq. (16). Furthermore, by keeping U£ and
varying L*, we keep the Reynolds number the same at x = 1.0
where the calculations are performed. This allows a direct
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comparison between the results obtained by using favorable
and adverse pressure gradients at the same conditions (Me and
stability Reynolds number).

For the potential flow velocity distribution given by Eq.
(17), Fig. la shows the stream wise edge Mach number distri-
bution for different values of n. In this case positive (negative)
values indicate favorable (unfavorable) pressure gradients.
The corresponding variation of /30 with streamwise location is
shown in Fig. Ib. We note that /30 is discontinuous at x0 due to
the change in the slope of Me. However, this discontinuity has
very little influence on the stability calculations because they
are performed at locations far downstream from this disconti-
nuity. Moreover, the dependence of j80 on XQ is very weak. For
example, at M* = 4.5 and n = - 0.2, ft, = - 0.0813 when
*o = 0.2 and j80 = - 0.08157 when x0 = 0.05. The velocity and
temperature distributions across the boundary layer at the
location of interest (x = 1.0) are shown in Figs. 2 and 3.

III. Stability Analysis
The linear quasiparallel three-dimensional compressible sta-

bility problem of the calculated two-dimensional mean flow is
derived by superimposing a small disturbance on the mean
flow to obtain the total-flow quantities in the form

q(x, y, Z, t) = qm(y) + q(x, y, z, t) (18)

where q represents u, v, w, p, p, p, and T; the circumflex
represents the total- flow quantities; and the subscript m indi-
cates the mean- flow quantities. The quasiparallel flow as-
sumption neglects the normal velocity as well as the stream-
wise variations of the mean velocities, temperature, pressure,
and density. Thus,

um = um(y)9 vm =0, Tm = Tm(y) (19)

Also, because the mean flow studied is two dimensional,
wm = 0. In the boundary layers, Pm = Pm(x) = Pe. The nondi-
mensional presure Pc at the edge of the boundary layer is given
by

(20)
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Fig. 1 Streamwise distributions: a) of boundary-layer edge Mach
number (M*); b) of pressure-gradient parameter (/So) for different
degrees of compression and expansion terminating at Me = 4.5. The
values of n, proceeding downward, are —0.2, -0.05, 0.0, 0.05, and
0.2.

0.0 0.2 0.4 0.6 0.8 1.0

U

Fig. 2 Velocity distributions across the boundary layer for different
pressure gradient parameters (Me — 4.5 at x = 1.0). The values of n,
proceeding downward, are -0.2, -0.1, -0.05, 0.0, 0.05, and 0.2.

1 2 3 4 5
T

Fig. 3 Temperature distributions across the boundary layer for dif-
ferent pressure gradient parameters (Mc — 4.5 at x = 1.0). The values
of /i, proceeding downward, are -0.2, -0.1, -0.05, 0.0, 0.05, and
0.1.

The Prandtl number Pr is assumed to be constant. Substitut-
ing Eqs. (18-20) into the compressible Navier-Stokes equa-
tions, subtracting the mean-flow quantities because they
satisfy the Navier-Stokes equations, invoking the quasi-paral-
lel-flow assumption, and linearizing with respect to q, we
obtain the disturbance equations:

dp

du
—dt

du dp dw

du dun— + v — -
dx dy

du dv dw

JL[" (— ***\ dtim\ j*/i^ £w
(22)

'dv dv\ _ dp j_ ( d _ \ f d u 3v

dwJ d du dv dw

d_( dv dw
m dz\dz dy

(23)
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/aw aw\ dp i f a /aw du\
Prn(-r+Um——) = -T^ + - }fJ'm——(——+——}\dt dx/ dz R c ajc\a;c a^/

aw a / du dv dwj—{ m— + m— + r —
dz\ dx dy dz

far dr drj =
[a/ Um dx V dy ] ~

a2r a / ar dr a2r

/aw a v \ d w /d
— + — 1 —— + JJL(<p = ^m\ — t- — / —— -i- /M —— i\dy dx/ dy \ dy /

The constants r and m are given by

r = m+2 and w = —

(24)

(25)

(26)

(27)

where Xm is the second coefficient of viscosity, and m =
- 0.2/3.0. The local Reynolds number R in Eqs. (22-25) is
based on a reference length 6*. = V*>?*?/«?, where ;t* is the
distance from the leading edge to the location where the stabil-
ity calculations are performed. Hence,

i(aum- w)

i(aum - w

- (7-

Tm
^~ Y

I)f7

- (a2

(35)

(36)

= 0 (37)

- '(7 -

/aft)

R = 11*6* (28)

Velocities are normalized with respect to the boundary-layer
u J , lengths are normalized with respect to 6*.,

Velocities are normalized with respect to the boundary
edge velocity u J , lengths are normalized with respect
and time is normalized with respect to 6^/w*-.

The boundary conditions are

at y=0

u, v, w, T, p are bounded as y — oo

(29)

(30)

It is assumed that ju is a function of temperature only.
Hence, using a Taylor series expansion, we have

(31)

Moreover, the linearized disturbance equation of state takes
the form

p/pm = T/Tm + P/Pn (32)

The solution is sought in the form of three-dimensional
traveling waves as

(u, v, p, T, w] = [fiO), 600, fcOO, 600, 600]

exp[/(jo: d* + jSz-coO] (33)

where a and /3 are the stream wise and span wise wave numbers,
respectively, and o> is the frequency. Substituting Eq. (33) into
Eqs. (21-26) and using Eqs. (31) and (32), we obtain the
eigenvalue problem:

DTm
n= 0

(34)

where Z) = d/dy

6 = 6 = 6 = 6 = 0 at ^ = 0

fw are bounded as y — oo

(38)

(39)

(40)

Equations (34-40) constitute an eigenvalue problem con-
necting a, /3, co (in general these are complex), and R, yielding
the complex dispersion relation

F(a, 13, co, R) = Q

Because the mean flow is two dimensional, the nondimen-
sional spanwise wave number 0 is real and is given by

0 = /3*d* = @*v*R/u*

In this work the case of spatial stability is considered so that co
is real and a = ar + /a/ is complex. Hence, the complex disper-
sion relation provides two real equations connecting ar and a/,
with the other parameters being specified. The nondimen-
sional frequency co = coy6?/w J is replaced by the nondimen-
sional frequency F as co = RF, where F = co*^J/w^2. The di-
mensional circular frequency co* remains unchanged as the
wave propagates downstream. Hence, F varies with the edge
conditions.

IV. Solution Technique
The eigenvalue problem is solved by using the finite differ-

ence code DBVPFD coupled with a Newton-Raphson iteration
scheme. This code is an IMSL subroutine that is based on
PASVA3 (Ref. 19). The code solves linear or nonlinear two-
point boundary-value problems using a variable-order, vari-
able-step finite difference method with deferred correction.
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To use DBVPFD code, we have converted the system of
Eqs. (34-38) into a system of first-order equations by letting

10

and

Then the eigenvalue problem becomes

subject to the boundary conditions

at

f,, are bounded as y — • oo

(41)

(42)

(43)

(44)

where f = { ft, f2> • • - > f«> } r, and the elements #// of the matrix
A(y) are given in the Appendix.

Because the lengths in the stability calculations are normal-
ized with respect to 6?, the mean-flow normal coordinate is
transformed into the stability coordinate y as

(45)

where y% = ymL * is the dimensional mean-flow normal coor-
dinate, and ym follows from Eq. (2) as

Jl&Re LM
ym = ———— ~ drj

ue Jo P
(46)

For the case of self-similar flows, pe = 1, ue - 1, and jue = 1;
thus, it follows from Eq. (1) that £ = x. Then Eq. (45) becomes

y = V2 1 Q drj
Jo

(47)

-a,x103

500 1000 1500

Fig. 4 Variation of the growth rate with streamwise position for
three freestream Mach numbers when F = 45 x 10 ~6 in case of zero
pressure gradient: __, Moo = 0.0; . . ., Moo = 1.0; - - -, Moo = 2.0.
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Fig. 5 Variation of the growth rate of two-dimensional second-mode
waves with frequency for different pressure gradients (Me = 4.5 at
R = 1500). The values of w , proceeding downward, are -0.225,
-0.2, -0.15, -0.1, -0.05, 0.0, 0.08, and 0.1. The corresponding
values of ft) are -0.0917, -0.0813, -0.0607, -0.0402, -0,02,0.0,
0.0313, and 0.0389.
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Fig. 6 Variation of the growth rate of two-dimensional second-mode
waves with frequency for different pressure gradients (Me - 4.5 at
R = 2000). The values of n, proceeding downward, are -0.225,
-0.2, -0.1, 0.0, 0.05, and 0.1. The corresponding values of 00 are
-0.0917, -0.0813, -0.0402, 0.0, 0.0196, and 0.0389.

V. Results and Discussion
In this study a boundary-layer stability prediction code was

developed based on the preceding formulation. The code in-
corporates both mean-flow and stability calculation routines.
The code was tested first for the case of incompressible
boundary-layer stability. The results presented in this paper
are for Pr = 0.72, freestream temperature T* = 120 K, P* =
0.01373 atm, and adiabatic wall conditions. As discussed in
Sec. II, keeping T£, and US the same, and varying L*, we can
directly compare the influence of the pressure gradient on the
stability of the flow at x = 1.0. We note that the stagnation
temperature will change by changing the Mach number be-
cause T£ is kept constant.

It has been stated earlier that a region of zero pressure
gradient (0 < x < 0.2) is employed in the mean-flow calcula-
tions. Then the flow is assumed to undergo either an isentropic
compression or an isentropic expansion to the desired edge
Mach number. It is assumed that the transition between zero
and nonzero pressure gradient regions is such that no shocks
are formed. In addition, any shock formed on bodies flying at
supersonic speeds is assumed to be far outside the boundary
layer. In this case the shock has a little effect on the stability
results.20

In Fig. 4 we show variation of the growth rate with stream-
wise location (Reynolds number) for three freestream Mach
numbers when F = 45 x 10 ~ 6 for the case of a zero pressure
gradient. These results are consistent with previous theoretical
work.4 Compressibility is stabilizing, and at the same fre-
quency the locations of the neutral stability points shift to
lower values of R as the Mach number increases.

In Fig. 5 we show variation of the growth rate of second-
mode (Mack) waves with frequency for different degrees of
compression and expansion, all terminating at Me = 4.5. It is
clear that favorable pressure gradients are stablizing, whereas
adverse pressure gradients are destabilizing. The growth rate
increases as the magnitude of the adverse pressure gradient
increases, with the peak amplification shifting toward a lower
frequency. As in the case of incompressible boundary layers,
the band of frequencies receiving amplification widens with an
adverse pressure gradient. This trend persists at higher Rey-
nolds numbers, as seen in Fig. 6 for R = 2000. However, the
band of unstable frequencies shifts to lower values as the
Reynolds number increases.

In the preceding cases (Figs. 5 and 6), the freestream Mach
number is varied as shown in Fig. 1. The dimensional location
where the edge Mach number reaches the desired value of 4.5
varies with the pressure gradient parameter n. For example,
for R = 1500, L* = 15.03 cm when n = - 0.2, whereas L*
= 27.16 cm when n = - 0.1. For R = 2000, L* = 26.72 cm
when n = - 0.2, whereas L* = 48.29 cm when n = - 0.1.

To investigate the influence of the Mach number, in Fig. 7
we show the effect of the pressure gradient on the growth rate
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Fig. 7 Variation of the growth rate of two-dimensional second-mode
waves with frequency for different pressure gradients (Me - 6.5 at
R = 1500). The values of n, proceeding downward, are - 0.2, - 0.15,
-0.1, 0.0, and 0.1. The corresponding values of 0o are -0.0429,
-0.0321, -0.0213, 0.0, and 0.0021.

40 60 80
Fx106

100 120

Fig. 8 Variation of the growth rate of two-dimensional second-mode
waves with frequency for different pressure gradients (Me = 6.5 at
R = 2000). The values of /i, proceeding downward, are -0.2, -0.1,
0.0, and 0.04. The corresponding values of 0o are -0.0429, -0.0213,
0.0, and 0.00844.

Fig. 9 Variation of the maximum growth rate of two-dimensional
second-mode waves with Mach number for favorable (n = 0.1), ad-
verse (/i = -0.1), and zero pressure gradients at R = 1500.

numbers (M^ = 4.5) it takes place while the waves are
damped. This explains the difference in the trends in the
low-frequency regions of Figs. 7 and 8 (Me = 6.5) on one hand
and Figs. 5 and 6 (Mc = 4.5) on the other hand. However, it is
not clear why the frequencies corresponding to the peak am-
plification shift differently at Me =4.5 andMe =6.5. We also
note from Figs. 7 and 8 that waves with frequencies within the
merging region are very insensitive to the pressure gradient
parameter.

In Fig. 9 we show variation of the maximum growth rate
(maximized over all frequencies) of the two-dimensional sec-
ond-mode waves with Mach number for three pressure gradi-
ents. It is clear that the effect of pressure gradients on chang-
ing the maximum growth rates of second-mode waves
decreases with increasing Mach number. Also, adverse pres-
sure gradients cause second-mode instability waves to become
amplified at lower values of the Mach number. These modes
were confirmed to be second-mode waves at these low values
of Mach numbers by examination of their eigenfunctions.

The maximum growth rates produced by pressure gradients
relative to the maximum amplification rates in the case of zero
pressure gradient of Figs, 5-9 are found to vary (see Figs. 10

-cc;x103
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8

6

4

2

0

-2-I

-0.30 -0.15 0.00
n

0.15

Fig. 10 Variation of the maximum growth rate of two-dimensional
second-mode waves with the pressure gradient parameter n at Mc =
4.5: __, 1? = 1500; . . . , / ? = 2000.

6

-cc.xl O3

-0.2 -0.1 0.0
n

0.1

Fig. 11 Variation of the maximum growth rate of two-dimensional
second-mode waves with the pressure gradient parameter n at Mc =
6.5: __, R = 1500; . . . , / ? = 2000.

of second-mode waves when Me = 6.5 at R = 1500. As in the
case of Me = 4.5, favorable pressure gradients are stabilizing,
whereas adverse pressure gradients are destabilizing. The peak
amplification decreases and the band of frequencies receiving
amplification decreases as the presure gradient increases.
However, as the pressure gradient decreases, the peak ampli-
tude shifts to a higher rather than to a lower frequency, in
contrast to the case shown in Fig. 5 for Me = 4.5. These trends
persist for the Reynolds number ranges investigated (1500-
2000), as shown in Fig. 8. The low-frequency regions in Figs.
7 and 8 are the regions where the second- and first-mode waves
merge. For the case of zero pressure gradient, Mack4 showed
that at high Mach numbers (Moo = 4.8) the merging takes place
while the waves are amplified, whereas at slightly lower Mach

0.5

0.4

0.3

0.2

0.1

0.0

Fig. 12 Variation of the wave numbers corresponding to the data of
Fig. 9: __, n = -0.1;... , n = 0.1.
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and 11) almost linearly with n. This result was found to hold
for all of the Mach and Reynolds numbers investigated. It is
very significant because it implies that one can calculate the
maximum growth rate for any value of n once it is known at
two different values (regions close to separation may behave
differently).

To fully document the data shown in Fig. 9, in Figs. 12 and
13, we plot variations of the wave number and frequency
corresponding to the maximum growth rates shown in Fig. 9.
Figure 13 shows that the peak amplification is shifted to a
lower frequency as the pressure gradient is decreased when the
Mach number is below Me « 4.5 and is shifted to a higher
frequency when Me>4.5. These results are consistent with
those shown in Figs. 5 and 6.

Turning to the effect of pressure gradient on two-dimen-
sional and three-dimensional first-mode waves, we show in
Figs. 14 and 15 the growth rates for adverse, favorable, and
zero pressure gradients. A comparison of Fig. 14 for the case
of two-dimensional waves with Fig. 15 for the case of three-di-

250

200

Fx106

ISO-

100-

50-

Fig. 13 Variation of the wave numbers corresponding to the data of
Fig. 9: __, n = -0.1;.. . , n = 0.1.
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0.5

0.0

50 100
Fx106

150

Fig. 14 Variation of the growth rate of two-dimensional first-mode
waves with frequency for four pressure gradients (Me = 2.0 at
R = 600). The values of n, proceeding downward, are -0.1, -0.05,
0.0. and 0.02.

o-l
50 100

Fx106

150

Fig. 15 Variation of the growth rate of three-dimensional first-mode
waves with frequency for four pressure gradients (Me - 2.0, R = 600,
|8 = 0.145). The values of n, proceeding downward, are - 0.1, — 0.05,
0.0. and 0.02.

mensional waves shows that, for the conditions investigated,
oblique first-mode waves are more affected by adverse pres-
sure gradients than two-dimensional first-mode waves. The
rate of change in the maximum growth rate for the three-di-
mensional case is much higher than that for the two-dimen-
sional case.

VI. Closure
The effect of pressure gradient on the stability of compress-

ible boundary layers is investigated by using a viscous analysis.
The pressure gradient is generated by using a potential flow
corresponding to a power law edge Mach number distribution
of the form Me = cxn. Stability calculations are presented for
different Mach and Reynolds numbers and different values of
n. The results indicate that two-dimensional second-mode
waves can be stabilized with favorable pressure gradients and
destabilized by adverse pressure gradients. The maximum
growth rate produced by pressure gradients varies almost lin-
early with n. Consequently, the maximum growth rate at any
pressure gradient can be approximated by using the maximum
growth rates calculated for two pressure gradients correspond-
ing to two different values of n.

The results show that the effectiveness of favorable pressure
gradients in LFC decreases at hypersonic Mach numbers.
Stability calculations for first-mode waves indicate that three-
dimensional first-mode waves are much more affected by pres-
sure gradients than two-dimensional first-mode waves. In the
region where the second mode merges with the first mode,
the waves are very insensitive to variations in the pressure
gradient.

Appendix: Nonzero Elements of Matrix A(y)

#12 = 056 = #78 = 1

a2l = a2 + /32 - i£R/iJimTm

#22 = -£> Mm/Mm

#23 = - ia(m + l)DTm/Tm-iaDfjLm/^m + RDum/ ' \LmTm

#24 = ioiR/jjim + (m + l)yMgOi<2>

a25 = - a(m + \)u/Tm

#26 = ~ V'SnDUm/V'm

#31 = - lot

#33 = DTm/Tm

a35 = - i&/Tm

#37= -10

#41 = - ixot(rDTm/T

#42 = - /X«

#43 = xl ~ <*2 ~ £2 rD2Tm/Tm

#44 = - iwyMl [otDum - &DTm/Tm

#45 = ix[rotDum/Tm +

#46 = -i\ru/Tm

#47 = - i\r$DTm/Tm- 2i
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#48= -

063 = - 2/(7 ~ l)M2PraDum + RPrDTm/ n

"64 = 1(7 - l)M2PrRu/fjim

- (7 - l)M2Pr^

066 = -

083 = - /(

084 = (/If +

085 = - (m

087 = o2 +

088= -D

where

r = AW + 2, /H = Xw//*m
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